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Let the space of continuous functions on [0, 1] which vanish at 0 be denoted
by C. It will be shown that for any complete orthonormal set of functions {«,(s)}
of bounded variation and such that «,(1) = 0, there is a simply described linear
combination of the continuous functions {f ; ay(s) ds} which converges uniformly
to x(¢) for almost all x € C (“almost all” in the sense of Wiener measure).

Let
Bi(t) = _[: a(s) ds,

i) = f: als)dx(s) (= — fo ' x(s) dou(5)).

In [3, p. 29] four motivations are given for the question of the representation
of x(t), in some sense as

o0

x(t) ~ Y, edx) Bi2).
=1
Here it will be noted only that this representation arises naturally in an
intuitive way if one takes the indefinite integral from 0 to ¢ of the partial

sums of the {x;(s)} expansion of x'(s). The theorem below follows easily
from a result of Gross.

THEOREM. Let {o,(5)} be as above. There exists a subsequence {n;} of the
positive integers such that
"J
Z ci(x) Bi(2)
=1
converges uniformly to x(t) on [0, 1] for almost all x € C.
357

Copyright © 1976 by Academic Press, Inc.
All rights of reproduction in any form reserved,



358 HENRY C. FINLAYSON

Thus any B sequence is somewhat like a Schauder basis for C. In fact,
Ciesielski [1, 1.4] has shown that if the o’s are the Haar functions the 8’s
are a Schauder basis. ([2, p. 67] outlines a proof of this.)

Before a proof of the theorem is given, two observations about possible
applications will be made. The first is that, as noted in [3, p. 37], the ¢f series
sometimes is partly an orthonormal series and possibly the information
obtained from the theorem for the latter (for almost all x) can be useful.
For example, if the a’s are chosen to be the cosine functions, the ¢f series is

i f " X(5)(2)M sin ks ds (202 sin kt + x(1) [t -2 fj (—1)* sin kwt/kw].
k=10 k=1

From the known behavior of the sine expansion of ¢ it follows at once that a
subsequence of the sine expansion of x(¢#) converges uniformly to x(t)
(on [0, 1 — €] with Gibbs phenomenon at 1) for almost all x. The uniform
convergence part of the result is of course not new, since an even stronger
result (convergence of the entire sequence) is implied by a result in [7, p. 537]
and a theorem of Wiener [8] that almost all x’s satisfy a Holder condition
on [0, 1]. This example of the choice of cosines for the «’s is also found in
[6, (2), p. 23; 9, (1), p. 330, and Remark 23.5, p. 338].

The second observation is that if F[x] is bounded and continuous in the
uniform topology on C, then the Wiener integral

f Flx] dx

can be found by replacing x by its ¢f nth partial sum and taking the limit as
n — oo, This fact is an improvement on a part of Theorem 2 [2, p. 64].

The proof of the theorem will now be given. Gross’ Corollary 5.2 [4, p. 386]
(also [5, p. 174, footnote]) for classical Wiener space says that for any two
a-sets {o;} and {o;*},

n

3 a9 B0 — 3 e B0

=1

sup
telo,1]

converges to zero in measure as # — oo, This in turn implies that for some
subsequence {#;}

ny

3 e () B) |

2=1

tg[l(l)g] . ZJ: c(x) B(t) —

converges to zero for almost all x. As noted above, Ciesieslki’s result shows
that if the a*’s are the Haar functions the ¢*B* sequence converges uniformly
to x(t). The conclusion of the theorem follows at once.



O o

SCHAUDER-TYPE EXPANSIONS 359

REFERENCES

. Z. CimesieLski, Lectures on Brownian motion, heat conduction and potential theory,
Mathematics Institute, Aarhus University, 1966.

. H. C. FINLAYSON, Approximation of Wiener integrals of functionals continuous in the
uniform topology, Pacific J. Math. 34 (1970), 61-71.

. H. C. FiNLAYSON, The expansion of continuous functions in series of integrals of
orthonormal functions, Glasgow Math. J. 13 (part 1) (1972), 29-37.

. L. Gross, Measurable functions on Hilbert space, Trans. Amer. Math. Soc. 105 (1962),
372-390.,

. L. Gross, Potential theory on Hilbert space, J. Functional Analysis 1 (1967), 123-181.

. T. Hipa, “Stationary Stochastic Processes,” Mathematical Notes, Princeton Univ.
Press, Princeton, N. J., 1970.

. E. W. HossoN, “The Theory of Functions of a Real Variable and the Theory of Fourier’s
Series,” Vol. 2, Dover, New York.

. N. WieNER, Generalized harmonic analysis, Acta Math. 55 (1930), 117-258.

. J. YeH, “Stochastic Processes and the Wiener Integral,” Dekker, New York, 1973.



